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ABSTRACT. The finite Hankel transform is iisod to find tho transienf. displaopraoiit 
and stresses in thick homogeneous elastic shells subjected to dynamic loads on tho surfaco.s 
for tho following problems : (i) Kodial motion of an infinitoly long circular cylindrical shell, 
(ii) radially symmetric motion of a spherical shoU. In both the problems the materials have 
boon assumed to be isotropic, but incomprossible.
I N T R O D U C T I O N
In a recent paper Cinelli (1966) has used finite* Hankel transform (Oinolli, 
1966) to find the solutions of dynamic vibrations in elastic cylinders and spheres, 
subjected to dynamic loads on the surfaces. Chakravorty and Chatterjeo (I960) 
has employed Cinelli’s direct and concise method to find tho stresses and dis­
placements in spherical and oylindrical shells of non-homogeneous isotropic* 
materials, while Chatterjoe (1969) has used the same method to tho case of radically 
symmetric motion of a spherical shell of spherically isotropic material. Tho 
present paper deals with two problems of vibration of thick shells of incompressible 
isotropic material, viz., radially symmetric motion of a spherical shell and radial 
motion of a thick cylindrical shell. The loads applied to both the surfaces of tlu* 
spherical and cylindrical shells are assumed to bo completely arbitrary functions 
of time, It is proposed to extend the same problems ito tho case, where the 
materials, in addition to being incompressible, are non-homogeneous, in a sub­
sequent paper.
F I N I T E  H A N K E L  T R A N S F O R M  A N D  I T S  P R O P E R T I E S
The formulae of the new Hankel transform (Cinelli, 1966) are given here for 
later reference. A bar over small letters indicates the transform variable, where 
as the prime denotes differentiation, H  denoting the integral operator.
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where
Jm^Ym =  Bessel function of the first and second kind, respectively, of order m, 
h, k -*= constant coefficients whose value can bo poHitiv(% negative or zero, 
a, 6 ~  inner and outer radii of the shells rospecitively,
f[r) =: arbitrary function of variable r.
R A D I A L  V I B R A T I O N  OF AN I N C O M P R E S S I B L E  
I S O T R O P I C  S P H E R I C A L  S H E L L
For tho radial vibration of a thick spherical shell, wo assmno the displace­
ment components in spherical polar coordinates r, 0 , <j> as
Ur =  u[r, t), Ug — Uf — 0  • •
The non-vanishing components of strain are
du  . ■ (8)
— dr ’ ~  r ’
For compressibility,
(i) o< =  0 -6 ; E =^30 ; • •
where E, Q, <r are young’s modulirs, shear modulus and poisson’s ratio respectively,
. . . I 2«  _  A .. (10),(h) A =  CrfH-e^ j+®)»r — ^  +  f
The stress-strain relations are given by
ZG.err = Jr— = rr—55,
ZG.egg = 55— = 1(55—rr),
3 G .6 f f =  ^ ^ — i ( r r + d d )  =  1 ( 0 0 — r r ) ,  
so that the components of stress are given by 
d u
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The only non-vanishing equation of motion, viz,
e T ^ ^ ) + h ^ - ^ )  =  p 7 r ’
with the help of (12) and (10) reduces to
where
—  4 - 1  — 1?^  =  1: ^
dr^ '^  r dr W ~  ' W  ’
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The initial conditions are
« =  ~  =  0 , at < =  0, a < r < 6
The boundary conditions are
" (n0]rwa =  2(3 '^  =  A(t), At r =  a, t > 0
^ ( r , t ) ] r . t ^ 2 G . ^  =  B (t)
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at r =  5, «>  0 .. (18)
Taking A =  i  =s 0, and m »  2, we get from (6)
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Cornering (17), (18), (19) the appropriate finite Hankel transform for equation
« -  =  f  ra^. i)C^(r, (,)dr,
a
whore C2 is given by (2) for wi = 2. i
•t
Applying (20) to (U) and using (17), (1^ ), (19) we have,
1 _  1 f J'(fto) 1
c* ‘ Wi - i M U )
Rearranging (21), we have, on putting the surface loads.
i  { t M )  }
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Now we use Laplace transform, initial conditions and the convolution integral 
to get the solution of (22) as
^  I  B (r)-A (r) J Sin m - r ) d r  .. (23)
Prom (3) we have them
u(T, 0  =  $  s  m , t )  ,
i i n ^ i )
(24)
where and F 2 are given by (5) and (4) respectively with w =  2, and A =  jfc =  0. 
Placing (23) into (24) we get the solution as
u(r,t) =  I,
y/2 Qp
(25)
where,
The stresses are found as
n  =  n y l^ .8 J r ^ m r ,(t )} , (27)
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where
and
Si =  S m i J ^ k i i h w
m i )
(29)
(28)
/j is given by (26).
R A D I A L  V I B R A T I O N  OF A N  I N C O M P R E S S I B L E  H O M O ­
G E N E O U S  I S O T R O P I C  C Y L I N D R I C A L  S H E L L
For the rewiial vibration of a cylindrical shell we assume the displacement 
components in cylindrical coordinates r, <?, 2 as
Uf =  «(r, 0 , «^  =  «, =  0 .
The strain components are given by
Cfi- —
d ? ’ —
u
ez2 == 6^ — ^Qz — 0
For incompressibility.
A du . u
and the non-vanishing stress components are given by
sxrr 20 . dr' e e  =  2 0 .
(30)
(31)
(32)
(33)
The only equation of motion,
a . 1g;: (r r )+ -( fr -0 (? )
3ht 
dt^ '
becomes 1 «  _  1 a»* 7  W  r* ~  c* ■ dfi ’ (34)
where c* is given by (16).
The initial uid the boundary conditions are given by
¥u  ■ 0, at < » 0 , a < r < 6 (36)
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durr (r,«)]-« =  2 G .^ =  A{t),. at r =  a, <> 0 (36)
durr {r, «)]r-6 =  2G. ^  =  B{t), at r =  6, <> 0 ■ (37)
Takiiig A =  fc =  0 and t» =  1, we get fro® (6)
Comparing (36), (37) and (38), wo see that tixo appropriate finite Ilankcl transform 
for equation (34) is
u =  tt(f<, t) =  j  ru{r, t)Gi{r, f^)dr
a
Applying (39) to equation (34) and using (36), (33), (38), wo liavo
.. (39)
1 ^
C2‘ W + « ■ >  = { ? » •  « ') -'• » } .. (40)
Now we proceed exactly in the same manner as in the previous case, and the dis­
placement is found to be
where
=  J { ^ - ^ y  -B(T)-^(T)} Sin
The stresses are given by
. (43)
.. (44)
752 D. ChaUerjet
.. (46)
Finally, the author thanks Dr. J. G. Chakraborty, Department o f Applied 
Mathematics, University of Calcutta for his kind guidance in preparing this paper.
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